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WINGS VITH ARBITRARY SWEEPBACK AND ASPECT RATIO

WINGS SWEPT BEHIND THE MACE LINES

By Sidney M. Hevmon and Mergaret D. Swanson
SUMMARY

On the basls of a recently developed theory for fintte swept-
back wings at supersonic speeds, calculations of the supersonic
wave drag at zero 1lift were made for & series of wings having thin
symietrical biconvex sections with untapered plean forms and various
engles of sweepback and aspect ratlos. The results are presonted
in a unified form so that a single chart permlits the direct deter-
mination of the wave drag for this family of airfoils for an exten-
slve range of aspect ratio and sweepback angle for streem Mach
numbers up to & value corresponding to that at which the Mach line
coincldes with the wing leading edge. :

The calecnlations showed thet In geneval the wave-~drag coeffi-
clent decreased with increasing sweepback. At Mach mumbers for
which the Mach lines are appreclably shead of the wing leading
edge, the wave-drag coefficient decreased to an important extent
with increases in aspect ratio or slenderness ratlio. At Mach
numbers for which the Mach lines approach the wing leading edge

(Mach numbers approaching & valus equal to the secant of the angle
of sweepback), the wave-drag cosfficient decreassd with reductions
in aspect ratlo or slenderness ratio.

INTRODUCTION

Recent developments in alrfoil theory for supersonic speeds
(references 1 and 2) indicate pronounced. effects of sweepback and
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aspect ratlo on the drag. In roference l, a theory was developed
for calculating the pressure distribution st supersonic speeds and
zero lift for swept-back wings of arbitrary lincar taper and aspect
ratio having thin symmstricel airfoll sections of sharp leading

edges.

In the present paper, the method of reference 1 is epplied to
calculate the supersonic wave drag for a series of wings having
thin symmetrical biconvex sections at zero lift with untapered
plan forms and various angles of sweepback and aspect ratios. The
term "biconvex profile” as used herein refers to an airfoil section
composed of two parabolic arce. In each case, the wing is con-
sidered to be cut off in a direction parallel to-the direction of
flight. In the calculations the Mach number is veried from 1.0
to a value corresponding to that at which the Mach line coincides
with the wing leading edge. The results of the calculations are
presented in s unified form which permits the direct determination
from a single chart of the wave drag for this femily of wings for
an extensive range of swespback angle and aspect ratio for Mach
numbers from 1.0 to the valus corresponding to that at which the
Mach line coincides with the wing leading edge, or equal to the
secant of the angle of-sweepback. Although the calculations have
been made for the biconvex profile, the date may be applied to
indicate corresponding resvlts for profiles approximately similar
to the blconvex.

SYMBOLS
X, ¥, Z . coordinates of mutually perpendiculer system of axis
in wing '
dz /dx slope of airfoil surface
¢ chord of airfoll section, measured in Fflight direction
t/c " thickness ratio of section, measured in flight direction
A angle of sweep, degrees

m= cot A
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h - wing semispan measured along y-axis, semlichcrds except
in appendix A

X peremeter indicating spanwise position equal to y/m,
semichords

A aspect ratio

1 /t slenderness ratlo, ratio of wing semispen measured along
leading edge to maximum thickness of center section

P dlsturbance pressure

p/q_ presgure coefficient, ratio of disturbance pressuvre to
dynamic presswre in free stresn -

v velocity in flight direction

u x-component of disturbance veloclty, positive in flicht
dirsction

u u caused by source line with reversal in sign of m

zZ-component of disturbance veloclty
disturbance~velocity potential

gource factor required to maintain a given wedge angle

2 H & =

Mach number

=\,ME -1

coordinate measured along y-asxis which is shifted to tip

Ta section, semichords

2R coordinate measured along y-axie which is shifted to
opposgite tip section, semichords

d wave drag at section

°a_, wave-drag coefficient at section without tip effect

cg wave~drag coefficlent at sectlon lncluding tlp effect

Acd increment in section wave-drag coefficlent caused by wing

tips
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Ade Increment In sectlon wave-drag coeffliclent caused by wing
tip located on sams half of wing as section

Acd increment in wave-drag coefficlent at section on one wing
T panel caused by tip of opposite wing panel

CD°° wave-drag coefficlent for wing without tip effect

Cp wave-drag coefflclent for wing including tip effect

L0y increment in wave-drag coefficient caused by tips, com-
plete wing

ACDI increment in wave-drag coefficient on one wing panel caused
by adjacent wing tip, complete wing

ACDII increment in wave-drag cosfficlent on ons wing panel caused
by tip of opposite wing panel, ccmplete wing

tE, 1 auxiliary variables which replace x and y, respectively,

used to indicate origin of source line

Primed values of A, ¥, ¥, ¥p» b, m, dz/dx, and z indicate
transformation involving multiplication by factor B.

Subscripta:

1, 2 wings related according to transformation which mekes yB
and mB equal respectively for two wings

Subscript notations for u and u indicate the origin of scurce
line in terms of coordinates x and y, respectively.

ANALYSIS

Basic data.- The present analysis 1s based on thin-airfoil
theory for emall. pressure disturbances and a constant veloclty of
sound throughout the fluid. The axes used are the mutually per-
pendicular x, y, z system in which the x-axis 1s taken in the
direction of flight positive to the rear, the y-axis 1s along the
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span positlve to the right, and the z-axis is positive upwards.
Figure 1 shows the symbols used to designate the wing-plan-form
parameters. The present analysis is made for untapered wings of
biconvex profile at zero 1ift and is limited to a Mach number

range from 1.0 to the value corresponding to that at which the Mach
line coincides with the wing leading edge, that is, to a value
equal to the mecant of the angle of sweepback.

Theory.~ If p is the disturbance pressivre compubed for one
surface of the airfoll section, the wave drag for the mection is

a=21] o %ﬁ ax (1)

=2 P& 4y (2)
c q dx : '

vhere dz/dx ie the slope of the surface of the airfoil at the
point x. For the symmetrical biconvex profiles (camposed of
parabolic arcs)

az ”g c
== E-9

where the thickness ratio +/c¢ may be considored the sole shape
peremeter. From thin-airfoil theory,

o _
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vhere u is the disturbance-velocity component in the x-directhion,
taken positive in the flight direction. For a glven swept-back

wing with A = cot™lm, -the dvag coefficiont-in eguation (2) ab
the spanwise station ¥y may now be written as

y
me

ol

1

cqly) = %(-g— x4 %) Gt (3)

o)

" Uy/m

The desired integrand u in equation (3) may be determined
by the procedure given in reference l. On the basis of the
linearized theory, reference 1 derlves a solution representing an
oblique (swept~back) source line waking the angle of sweepback A
with the y~axis. This solution ubtilized for the pressure field
or for the disturbance velocity is the real part of

Ug;q = L cosh =l X mﬁzy (&)
Bly - mx|

where the subscript notation indicates that tho source line starts
at the origin of coordinates (x =0, ¥y = 0). Equation (i) is
show in reference 1 to satisfy the 'bound.ary conditlon for a thin

/ H
oblique wedge meking the half-angle \%—z}z\ in tho transformed.
{

coordinate system of reforence 1L (y' = yB, =z' = zp) whore

! t - 2 - = n -.-. ) - . :
5-1-5 = 2 —-3'-———-]5:—1. ITn order to obtain an ogual wedge angle
dax v v n'

in the physical. coordinate system, the following relations betwoen
the transformed coordinates of reference 1 and ths physical coor-
dinates are used

= mp
_¥%
oz'!
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vhere w' and w vrefer, respectively, to the vertlical velocitles
in the transformed and physical coordinate systems. Thus

gz _w_ x\L-oPpt
dx V ¥V m

oxr the required source factor in ordsr to malntain the desired
wedge angle is

I=

a i«

B8 (5)

‘{"‘_"n" ax ' ’ )
l - mC.Ba —_—— e

By superposition of solutions of the wedge type, swept-back
wings of desired profile shape and plan form can be dbuillt up
(reference 1). In order to satisfy the boundary conditions over
the surface of a biconvex wing, seml~-infinite source lines of
equal strength are placed along the leading and tralling edges
beginning at the center section, in conjunction with a constant
distribution of sink lines along the chord. At the tip, where the
wing is cut off, reversed semi-infinite source and sink lines are
distributedr so as to cancel exactly the effect of bthose originating
at the center section in the entire reglon of space outboard of the
tip. Tn the present analysis, the tip is assumed to be cubt off in
the direction of Fflight. The term "tip effect” refers to the
effect of this wing cut-off. The form of the integrand u for
equation (3) is given in appendix A.

In calculating the wave drag over the wing, the disturbances
due to the elementary sources and sinks are evidently limited to
the regions enclosed by their Mach cones. Flgure 2 shows the
typical Mach lines originating fram the source lines at the leading
and tralling edges of the center and tip sections over a wing of
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45° gweepback. Figwre 2(a) shows the Mach linee for the infinitely
long wing, and figure 2(b) includes the Mach lines starting from
the tlp section. In each case the dlsturbance over the wing caused
by the leading- and trailing-edge source lines is limited to the
reglon of the wing behind the corresponding Mach line. The regions
affected by each of the Mach lines are indicated in figure 2(b) as
regions I to IV. Region I represents the part of the wing affected
by the sink line starting from the leading edge of the adjacent
tip; reglon II reprosents the wing area affected by the sink line
sbarting from the opposite btip. Region IIT is Influenced by the
source line starting at the leading edge of the center section and
includes the entlre wing; region IV is influenced by the source
line starting at the trailing edge of the center sectlon.

The resultant velocity wu at a point on the wing is made of
the component velocihios caused by each of these source and sink
linos where the influence of cach component ie restricted to the
region behind its Mach line., The drag coefficiont Cd., is thero-

fore obtained by ovaluating in oguation (3) tho intogrand 0,0
over the entire section (rogiom III), tho integrand u, o over

part of the soction included in region IV, and the integrands for
the u~components caused by tho sink distributions along the pro-
file (fig. 2(b) and appondix A, equetion (42)). Tho drag cooffl-
clents Ach ang AchI are obtained similarly by inbegrating

along the section in the rogionsg I and II, rospectively, in addi-
tion to the integrations for the u-eomponents caused by the source
distributlons along the profile (appendix A). Tho limite of inte-
grations for x along the chord and for y along the span, which
represent the boundaries for the regions of influence for the
individual u-functions roquired for a biconvex profile, arc given
in the table in appendix A.

TFormulas for soction wave-drag coefficlents.- The formulas
for tho section drag coofficients obtained by intogration of the
u~functions and by use of equation (3) are prosented in appendix B,
These formulas glve oxpreseions for the drag coefficlent without
the tlp offect d,, and also the oxpressions for the increments

in ¢y caused by the tip offoct Aheg.

Wavo-drag coocfficients for camplote wing.- In the prescnt
investigation the section drag coefflclents oxpressed by the _
cquations in appendix B woro intogratod graphically to obtain the
results for tho wing-drag coofficlents. Subsequently, however,
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analytical expressions for the integrations were obtained. These
formulas for the wing-drag coofficients are presented in appendix B.

Drag coefficilent of swepb-back winz at Mech number of 1.0.-
The solutlon of the equations for Ca given in appendix B shows

that, for a symmetrical untapered finite swept-back wing at Mach
muber of 1.0 and zero 1ift, positive and negative infinite valuss
for o¢g are obtained at varlous sections of the wing. The inte-

gration over the wingz of tite Limlting values for these infinlte
torms, howover, gives zero. Although soms sections of the wing
have infinitely positive or negative drag, the total drag coeffi-
cient over the wing results in a finlte value. The prediction of
infinite values of drag at certain gections of the wing clearly
violates at theso sections the assumption of small disturbances
from which the lincarizsd theory is derived. The calculated values
for the tosal drag coefficlent st Mach number 1.0 are thercefore
questionable. Tho formulas for the total drag at Mach number 1.0
are proscnbted in appendix B.

Conversion of drag solubion to series of roleted wings.- An
examination of equations (Bl), (B3), and (B5) indicates thet the
drag solution obbtained for onc value of m and M may bo epplied
directly to obtain the drag for a whole sexies of wings in which
each wing is at a cortain appropriato Mach number. (Equation (B1)
ig formed by adding expression (Blb) to tho right-hand side of
equation (Bla).) For exnmple, squation (Bl) may be oxpressed ln
tho following Torm: _

2 A
ca (9 = 2(2f B v (2, un) (6)

vhere F (%%, ) refors to tho variablo terms and where mp = m',

and %= K. TP the subscript 1 refers to a wing at Mach number

corresponding to 131 and the subscript £ to any other wing a'b_ -bhe
Mach number corresponding to Bo, thon the drag coefficients for
the two wings may be obtained from cquation (6) as follows:

8 fs\ 2 mPy _ /71PL
A F m, B (7a)
Cdc;l % (c)l By (mlﬁl’ 171
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8 sty ° mebp _ [ yobo
Bquation (7) shows that if J4B, = yoPp and mB; = m.B,

(%/c)1 B, (t/c)12 cot Ay
o

= C m— (8)
By g (/c),% P1 S (/e),% oot Ay

C

where o3 and cql refor to tho spanwise positlons ¥y and
2} ) T

T1By
By’
two wings are related according to &lﬂi = YEBE and. mlﬂl n_mQBE,
the section drag coefficients obtalned for wings 1 and 2 from egua-
tions (B3) and (B5) are in the same ratio as that expressed in

equation (8). REquation (&), therefore, may be generalized to apply
to the total drag coefficient at the sectlon or,

reapectively. In a similar manner, 1t can be shown that 1f

(t/c)l2 cot Ay (9)

Cd. = c6.2 -
2 (t/c)zE cot Ag
whers Cdy and cd? refor to the spanwlse positions ¥y and.
1B
L l, respectively.
Bo
The wing~drag coefficlents for wings 1l and £ are given,
Yospectively, by
. }hl (10)
I e (o1 lO
Cp, e a3 W1
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= | cay o2 ()

By substibuting for the integrand Cay in equation (10) the rela-

dyzBo
ER

tionship expressed in equation (9) and by substltuting

for dyy, equation (10) mey be written as:

(t/C)lg cob Al h2
17 2 %ap Wz
ho(t/e)p™ cot Ao \Jo

(t/c)l? cot Ay

2 (t/o)ag cot Ap

Op, =

Equation (12) pexrmits a rapid determination of the drag coeffi-
cient for wings of arbitrary sweepback, aspect ratlio, and thickness
ratio (within limitations of airfoil theory) from data obtained for
one swept-back wing for the appropriate range of asgect ratio and
Mach number. For this purpose, use of a wing of 45° sweepback as
the reference wing is most convenient. If the subscript 2 is used
to refer to the parameters for the wing of lL5° sweepbhack and the
subscript 1 is éropped, equation (12) becomas

Cpy (t/c)2 cot A

(t/c)ge

- (13)

vhere CD and OD.P refer to wings whose aspect ratios and Mach .

nubers are related by the followlng equationat

()
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Ap = A tan A (1k)
Bo = B cot A (15)

The foregoing anelysis shows that the results cbhtaincd for a
wing of 45° sweepback and a given aspoct ratio A, cen bo trans-
formed by means of equation (13) to all winas for which the aspcct-
ratio parameter A tan A= A, and ‘the Mach nurber paramoter

B cot A= Bo.

The grouping of the parameters as indlcated in the foregoing
analysis permits the use of a single generalizod chart for pre-
senting the drag results. This chart is dlscussod in the section
entitled 'Results and Discussion.”

Prandtl-Glanert rule modified for suporsonic flows.~ In con-

gsldering the linearized problem of supersonic flow past a wing, it
is of'ten convenlent to reier the supersonic results for a glven
wing to a transformed wing at a refeyence Mach numboer of Me = 2.

If thils transformation is used a rule rescmbling tho FPrandtl-Glauort
rule (roefeorence 3) for the subsonic case, wheme M =0 is

the reoference Mach number, may be obtainod. This ruloc may be statcd
as follows:

The stroamline fleld of tho supersonic flow for a given body
at a stream Mach numbor M may be calculatod by multiplying tho
glven y- and z-dimonsions, including thoso for tho Mach linose, by

tho factor VM2 - 1 and then by caloulating the flow about tho

rosulbing transformed body at the Mach numbor \IT. The progsura P
and. velocity incremonts u for the given body ot the Mach number M
can thon be obbtained by multiplylng tho calculatod pressure p and
veloclty iIncroments u at corresponding points of -tho trengformod

body by the factor

M2 - 1

It 1o intorcsting to note that the dorivation of formulas (13)
to (15) as glven In this papor corrcsponds to ubilizing tho solution
for a transformod wing for the whole family of wings rolatod %o
this transformation and then applying the aforomontlionod modifiod
Prandtl-Glauvert rulo.
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RESUTS AND DISCUSSION

Variation of section dreg coefficient alcng span.~ Figure 2,
which was introduced previously to illustrate the system of Mach
lines, also shows the variation of section drag ccefficlent cy

along the span. The daba are presented for a wing of 45° sweepback
and thickness ratio of 0.10. Figure 2(a) gives the resulits for a
wing of infinite aspect ratio and figvre 2(b) gives the results for
a wing of finito span.

In figure 2(a), the data are shcwm for Mech numbers of 1.100,
1.343, and 1.:k14. The Jowest Mach nuuwber 1.100 represents a case
in which the wing leading edge dlverges rapidly from the Mach line
(upper part of fig. 2(a)). In this case, the ssction drag coeffi-
clent Cg has a maximum value of 0.0542 at the center section,

thon drops sharply to zero atb a distance of l.13 chorde fraom the
center lins. Beyond this point, the wing shows a negative drag,
which approaches asymptotically the subsonic valuwe of zero at an
infinite distance from the wing center. This type of wave-drag
distribution is similar to that lndicated in figure 11 of rofer-
ence 1 for a wing of 60° sweepback at a Mach number of l.k.

For the higher Mach number 1.343, tho spanwise variation of oy

is markedly flatter. Unlike tho preceding casec, the drag coeffi-
clent does not have its maximum value at tho center section bub,
at first, increases in the outboard direction, then roaches a peak
and falls to zero at a distance from the center of 6.6 chords

{not shown in fig. 2(a)).

A% the highest Mach number .41k, the Mach line bocomos coin-
cident with the wing loading edge. In this case, the wing gives
a vory high drag and the scction drag coefficiont incrcases in tho
outboard direction, approaching infinity at an inf inite distance
from the wing centor.

Figure 2(b) illustrates tho condition at which the aspect ratio

18 less then 1fVM® - 1. The calculated casc shown 1s for an aspoct
ratio of 1.86 and Mach number of 1.10. In this caso, tho two wing
tipe cause increomonts in section drag coofficiont on cach half of
the wing,namely, Ach and AndII' The tip effoct Ach et a

given distance from the tip is indopendent of tho aspecct ratio. Tho
tlp effect AchI’ howover, 1m a function of the espect ratio.
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Effect of wing tip on wing-drag coefficient.- Figure 3 shows
the typical variatlon with aspect ratio of the increment in Cp
due to the tip ACp. The data are shown for a wing of k5° sweep-

back and a thickness ratio of 0.10 for Mach nmumbers of 1.100, 1.343,
and 1.41%. The present analysls for the untapercd wings indicated
that if the aspect ratio is equal to ar greater than 2m/(mg + 1),
the Integrated value of Ach over the wing is zZero. On this basis,

if the aspect ratio of the wing iz greater than 1A‘M2 -1, the -
total increment in drag contributed by tip is zoro. As the aspect
ratio ls reduced, the tip effect ACDII which occurs when the

aspect ratio 1s smaller than 1,JM2 ~ 1, howover, locads to an
increase in Cp. The tip effect Al *aen reaches a peak valuo at

a certaln aspect ratlo, dbut as this aspect ratio 1s further docreesed,
&0y drops sharply. In this caso, at asgpect ratios of approxi-
mately 0.5,' A0p bocomos zero and assumes large noegative values

with further reductions in aspect ratlo. For applicajlons to very
small agpect ratlos, however, the theory may roguire modifications.
The data in figure 3 show that as the Mach numbor is increased, the
aspoct ratlo correspending to zero valuu of &0y bocomes smaller.

The tip offects shown in figure 3 for tho wing of 45° sweep-
back arc similar for other wings of different swoepback at appro-
priate aspect ratios. The conversion formulas indlcated in the
soction entitled "Analysis"” indicato that tho aspoct-ratio effects
for wings of difforent sweepback correspond qualitatively for equal
values of the aspoct-ratio paramoter A tan A. Tho Mach nwmbors
for sach of the wings differ, however. An aspect ratlio of 0.8
(fig. 3) for the wing of 45° sweepback at a Mach number of 1.10
for oxample corresponds to an aspect ratio of 0.8 cot A at a Mach

number equal to Jl + l_(l.lo)2 - l] tan?_A for any other wing of
gweepback angle A.

Varlation of wing-drag coefficient with Mach number, swoepback,
and slendermess ratlo.- Figure 4 shows the variation of Cp with M’

for different sweepback angles with constant slendermess ratios.
The slenderness ratio represents the ratio of the wing semispan
measured along the leading edge to the maximum thickness of the
contor section. Thoe date are presented {or sweepback angles of 30°,
L59, 52.5°, and 60° with slenderness ratios of 25 and 50. The
wings in figure L for the differcnt slendorness ratios and avoep-
back angles are assumed to have tho same wing avca end the sahe
profile normal to tho wing loading edge. The slenderncss retios
arc bagod on a thickness ratio of 0.10 measursd in a direction
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normal to the wing leading edge. The thickness ratio t/c measured
in the flight direction, therefore, varies with sweepback as cos A
or is equal to 0.1 cos A. The aspect ratio is reduced with sweep-

back by the factor cos®A The agpect ratlo is related to the
slenderness ratlio by the formulas

A= 0.2 (l) coszA
t
The plan forms for the different wings are shown in Tigure L.

The results in figure 4 show that, in general, the drag coef-
flcient decreasss with increasing sweepback. At Mach numbers for
which the Mach linesare apprecigbly shead of the wing leading edge,
Increasing the slendermess ratio or aspect ratio gives lmportant
reductions in calculated wave-drag coefficient. AL Mach numbers for
which the Mach lines approach the wing leading edge (M—isec A},
howover, short wide wings give appreclable reductions in wave-drag
coefficient. The Tigurs also indicates that the highost wave~irag
coefficients for theo normal range of aspsct ratio occur at a Mach
number equal to sec A.

Effect of aspect ratic on wing-drag coofficlent.- Figure 5
indicates the effect of aspect ratio on the wave-drag coefficient
for the wing. The data in figure 5 show the wave-drag-coefficient

Cp tan & :

100 (t/c)®
A tan A, These results are ghown for various values of the Mach
fumber pearameter \,‘I-I2 - 1 cot A, which corrospond to a range Ff
Msch number from 1.0 to the secant of the angle of sweepback,

or 1< MX seoc A.

varameter plotted agminst the agpect-ratio parameter

Figure 5 shows that for a given value of the Mach number
paraneter, theo maximum wave-drag coofficloent ocowrs at a definite

aspect ratio. For examplo, if A = 45° and \fm’-‘ - 1 cot A = 0.310
that is, M = 1.05) +the maximm value of C:D occurs at an aspect
ratio of 0.85. If tho aspect ratio 1s decreased to values smaller
then 0.85, Cp drops very sharply. Similarly, as the aspect ratio

is Increased from 0.85, Cp also decreases. Thus, in general for

the Mach number paremeter corresponding to \IM2 ~ 1 cob A= 0.310
the maximm value of Cp occurs at an aspect ratio equal to

0.85 cot A.

Application of cwrves of figure 5 to wings of arbitrary swesp-
back and aspoct ratio.- The scale labels and curves of figure 5
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apply to the series of wings that may be dexlved fram a basic
10=-percent~thick, 459 swepb-back wing. The labeols express the
transformation equations (13) to (15). If A is set equal to 45°
and t/c i1s set equal to 0.10 in these labels to correspond o
the basic wing, the ordinates become simply Cp, the abscissa A

(espect ratio), and the curve parametexr \!ME - 1. The results in
figure 5 may be applied %o all swept-back wings covering a range

of aspect ratio from 0 +to 10 cot A corresponding to a range of
Mach number from 1.0 to scc A. The data apply specifically bo
untapered wings with biconvex profiles at zero 1lift with the wing
tips cut off in the direction of flight. The results, however, may
be applied to indicabe approximate results for profiles similar to
the blconvex. : -

The following exemple is given in order to illugtrate the use
of figure 5. TFor a glven wing .

A = T0°

A= 3 —
5. 0.08

[o]

M= 2.20

In crder to find Cps

VM® - 1 cot A = 0.715

From flgure 5, for A tan A = 8.2% ang \IMG' ~ L cot A= 0.715

Cp tan A

—---—---——-—2- 0.0123
100 (t/c)

i
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therefore
CD = 0100286
CONCILUDING REMARES

A theoreticel investigation has been made of ‘the supersonic
wave drag of untapered swept~back wings at zero 1lift. The wing
sections were blconvex and the wing tips were consldered to be cub
off in the directlion of flight. The investigation was limited to a
range of stream Mach numnber from 1.0 to a value corresponding to
that at which the Mach line coincided with the wing leading edge.
For this rengs of Mach number, the following concluslons have been
drawn:

1. In general, the calculatsd wave-drag coefficient decreased
with Increasing sweepback.

2, At Mech nurbers for which the Mach lines are appreciably
ahead of the wing lsading edge, increasing the slenderness ratio
or aspect ratio gave lmmortent reduction in the calculated wave-
drag coefficient. '

3« At Mech numbers for which the Mach lines epproach the wing
leading edge (Mach numbers approaching a value equal to the secant
of the angle of sweevback), decreasing the slendernees ratio or
aspect ratio reduced the calculated wave~drag coefficient.

I« The highest calculated wave-drag coefficlents for the
- normal range of aspect ratlo occurred at a Mach number equal to
the secant of the angls of sweepback.

5« The maximm wave-drag coefficient occurred at a definlite
egpect ratio which is determined by the Mach number and angle of
sweepback.

6. For aspect ratios greater than 1 / \h«I2 -1, vhers M 1is
the Mach number, the increment in wave-drag coefficient for the
wing contributed by the tip was zero.

T« The variation of the drag with Mach number obtained for
one sweepback angle for sppropriate aspect ratios may be presented
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in a unified form so thet the drag for the complete range of sweep-
back engle, aspect ratio, and Mach number may be directly determined
from a single chart.

Langley Memorial Aeronautical Laboratory
National Adviscry Committee for Aeronautics
Langley Field, Va., December 17, 1946

-1
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APPENDIX A

FORMULAS FOR THE INTEGRAND uw IN EQUATTON (3) FOR FINITE
UNTAPERED SWEPT-BACK WINGS OF SICONVEX PROFILE
AT ZERO LIFT [m = cobA < —g-]

In order to satlefy the boundary condition for a finite swept-
back wing of biconvex profile, the integrand wu in equation (3)
may be expressed in terms of components caused by slementery source
lines as follows:?

B=Y,0*%,01 " %,0* Y0

- 1 - 1 I - 1
370,0 © p¥,0 * §¥0,0 T [ie,0

) [uh/m,h * Eh/m, -h - (%“%/m,h + %-‘711/31_1, -h)} (A1)

where the subscript notablon indicates the origin of the sowrce
line. The bars over u refer to the source lines caused by the
opposite wing panel; that is, U indicates a source line with a
revorsal in the gign of m.

In equation (A1), the u-functions are glven by the real parts
of the following expressions:

o x- &= mi(y - )
Bly - 1 - m(x - )|

I cosh

ué}'f}(x: ¥)

1 X =& +mpE(y - n)
Icc::eshl had -

My Bly ~n +m{xz - 8) |

&
_
M
3
I
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whoere §, m represente the orlgin of the olementary source lines,
Por the biconvex prefils,

dz . 2
ax

O o+

end fram eguation (5), the factor

Y n
R T
\j1 - g

The symbol % in equation (Al) refers to en integration opera-

tlon which represents the influence of a uniform 4lstridbution of source
linss along the chord of the biconvex profile bvegimming at the
position &, N« 'This symbol is defined by the following expressions:

&

1 ~ ar ey x=& ~wpily -m)
Eus‘é:“(x’ .y) i ag °0%® Bly - n - u(= - &Y =
x-|y-n|
4z {\{1 - 2_"@2 - - &
(z - ) '&'i mm cosh™t ny _"nl
. -5 m‘*l
1 m(x -&) ]co:—*h'l 18(z =~ 1) (82)
n y-n | ’l_nﬂx"'é)
|

vhore &' 48 tho varisble of integration representing the & -~coordi-
nete of the origin of eech socurce line in the distribdbution of source
lines. '

e |
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For & bloonvex profile

& .
dx

Bafo) T B
[s4

—

"L - nfp2

x -
Equation (AZ) may be exywessed as a function of é; that 1is,

Lo (m 5) oy - n) e(EE
5 n( 7) = (5 = n) f(y_q)

-

Then

o - _ _-.x -é
%‘4§,n(x, 7) =~{y ﬁ)f{_ — n.)]

The Limits of integratiens with regard to x For the sechion
drag coefficients and with regard to y for the Lotal wing-drag
coefficients are discussed. The u-cumpenente caused by each of the
olementary source lines are sero at all points outside of the
respective Mach cones. The functions for the u-integrand in equa-
tion (3) are therefore evaluated along the section for values of x
beginning at the forward voundary of the Mach come. Thise integra=-
tlon gives the sectlon~drag-~coefficient camponents. Similarly, in
order to obtain +the wing-drag coefficlent, the section drag coeffi=~
¢lent camponents obteined from the respoctive u~functions are
evaluated along the wing span for values of ¥ comtained within
the Mach cone. The folloving table refers to one sido of the wing
(x and y positive) and shows the limits of intesration for x
and y for the ruquired u-functions:



22

NACA TN No.

1319

Limits of Iintegration

= ¥
u~-componenta * 5
Lower Upper Lower Upper
Limit limit Iimdt 1imdt
%9,0 Y5,0
y/n DA 0 h
1 1 m
39,0  3%,0
uc,O ﬁc,O )
¥8 + ¢ A 0 h
] = n
D ©,0 D ¢,0
) me
n -
mp 4+ 1
.
h/m,h h \
o2n
=(mp + 1} - yB LA (J.:C LS h
1 n m w3 + 1
L% /m,h /
Lt/ 0 (11‘ AL 2=
. “mB o+ 1
h(mp + 1) -~ mc
1-m8
Eh/m -h h
? yB +=(mp + 1) |ZL ¢ ¢ /if AD> 5B h
1 mn m \ nﬁ + 1
Doh/m, ~h
D -
’ 0 (*r AL 2 \
\ = mﬁ + l[
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APPENDIX B

FORMULAS FOR WAVE-TRAG COEFFICIENTS FOR FINTTE UNTAPERED
SWEPT~BACK WINGS OF SYMABTRICAL BICONVEX PROFILE
AT ZERO LIHT {m: cot A < %j

Section Drag Coefficients

In the following analysie the guentities y and X are
employed nondimensionslly in terms of the semichord. The equations
for the drag coefticients in all cases refer to ths real parts of
the indicated expressions.

Sectlon drag coefficients without tip effect.~ The section drag

coefficient for the glven wing at a spanwise position ¥ and Mach
number M without the tip effect was found to be as Pollows:

The term reopresents a convenient integration limit

1 -8
which indicates the intersection of the Mach line from the center-

section trailing edge with the wing leading edze. For y = Km<

2
cg (¥) = 8 (.'.t.) m<I€3 (cosh A -'}—)
- x \c Km' m'

+ e cosh-l S ——
3\l - m'2 1 =

2m
1<nB

:— 2<2K3 - 3K - l) cosh™* K(l + mla) + 2
2nt(K + 1)
+ ILK(‘BKE - 3) cosh * -J—'—;—-f;l-'f *'- KE!'EK(J- - m,’g)
1
i ~ ~ n L
- \/(1 - m") [(K + 2)= - (Km‘)‘-ﬂ ‘ (Bla)
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For y = Km > ——=—~, <the following expression is added to equa-~
tion (Bla).

-E(—-Z-’)E m JlKB cosh-l KKI;;'Q

1 [2 caen™t (1 - m’z) -2

1 - m'? =

+ 2(&3 - 3K + l) cosh

-1 K(l + m‘2> -2
fn'(X -~ 1)

, T
+ K?-J(:L - m*?-).[(K - 2)2 - (Km')e] " j’ (B1b)

whers o' = mB.

For the special cage m = , The Mach line coincides

\] 2

M™ - 1

with the wing leading edge, and the expression for the drag coeffi-
cient obtained as a limiting case {m'-—>1) for all values of ¥
becones:

-1yt a2 e2ly'(3pte(yt-1) -2

y' 3 -\/y—’—-—s——l

- o

\) (B2)

cd_m(y) =-§ ('-2-)2 m <‘y’3 cosh

where

At the center section, where y or K = 0, equation (Bla) beccmes:
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. 2 -
%
® 3% \c 1 - nfp2
At the cenbter section, for y =0 and m = ;‘—, equation {B2)

becomos?

32 ('b S
de—- 33t c)m

Increment in section drag coePficient caused. by wing tips.-
The increment in g caused by the vips depends cn verious factors s

such as the swoep angle, sspeot ratio, and Mach number. The following

" types occur in an untapered wing:

I. If the aspect ratlo of the wing is equal %o or greater

than 1\M2 - 1 each bip affects solely its own half of the wing.
In this case the effect of the tip is limited Lo +the rogion of the
wing outboard and rearward of the front Mach line originating from
this tip. (See fig. 2(b).) The region of the wing affected is

. ~,
between values of y from h - —2Z_ to n.

mf + 1

The Increment in section drag coeffinient at 2 Mach number M
and spanwise vosition y cauced by the tip wvas found to be as
follown:

8 /5 | ¥a' 52 4+ mt?
Acdl(y)=§(2)m - (ya'd ==

12m'2 m!
‘ 2
-1 ;Va ta2m!t ya., 2
- ¥ - - o
l&n) cosh — +(2m' Jy'a’) o +2 ¥
' ‘a l A
2 -1 (l - m'z)ya_‘ + 2t i
- coskh (B3)

3,1 _ m,2 Em'e'
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where the subscript a indicates that the x-axis is shifted to the
tip section, and y,' = Ygp and nm' =13« In the plan form of the

wing

y = h + ya
In equation (B3) values for y, may be taken fram - mpam T
+
to 0. When the Mach line is colncident with the leading edge of the
airfoil; that is, m = ____E'_‘_____, the expression for Acd_I becomes:
\ME - 1
2
hoe @ |Ta'TeT < B -1V + 2
Acdl(y)=—(-)m&(a )coehl o
N NC/ b 2 Iya {
V. + 1, '
A 3y, ® ey, u)] (B4)
3. ’
IT. If the aspect ratio of the wing is less than _'——--!'-—:_—, the
WME - 1
tip on the opposite wing contributes en Ilncroment in ¢, in addl-

d
tion to that dlscussed under type I. The increment in cg at a

gection caused by the opposite tip was obtained in the following form:

AchI(y)__( ) yb %l (73‘ ~10h! - th}\[‘ - -m')-je'(m’y'b 1)2

-

12 : }

¥y . AT -2l -nt) L
- -.-P.--(lh+m“)-3h'y ‘+2h‘2~m‘2] cosh ™ L
|12 b \ | mryb: I
2
+ _ l:aybz:a - 6;9'b'2h' +3y‘b'(2h 12 _th) - 2}2'3+ 3ml2hx _ms3]
3m3\/l - m'" :

-1 yb'(l + m’e) - 2(h' ~ m")
cosh Em'( ——— l) (B5)
T' "~ h' +m
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where the subscript b Indicates that the x=axis ls shifted o the
opposite tip section, and where yb' = 748, m' = m3, and h' = hj.

In the plan form of the wing
y:y.b-hl

The limits for ¥, to be used in equation (B5) depend on the
2m

value of aspect ratic A relative to the paramster + Thus
md + 1
(a) If the aspect ratio of the wing is greater than mﬁzm >
+

the front Mach line from the opposite tip intersects the tralling

2(h - m

1~ md
. 2(h - m) .
equation (B5) may be teken from —————= to 2h at the Hip.

. 1-md
(See fig. 2(b).)

edge at a value of Ty = go that valt;es for Ty in

{(b) If the espect ratio A is equal to or less than Zn

mB+l’

the front Mach line fram the opposite tip intersects the center
sectlion and valuss for Ty in equation (B5) may be taken from h

to 2h. In this case, the incremsnt in -fcg  ddscussed under
type I is obtalned at spanwise positions of Vg from -h to O.

Vhen m = L , equation (B5) becomss:

e -1

8 t)2 J1 . 2 2
togrr == (L) m iy i (tmy - 100 -2\ 7y - 2(nt - 1)2 - gy

: - P e2hty 2
- zyb'e':';h’}’ T+2h12 . coshl-—-——-—_z-yb *
L b y_bx

e ) m e

§ \[}b'+l"h'
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The total increment in drag coefficlent at a sectlon caused by
the tipe is glven by

and the total drag coefficlent at the section is

Cd = de-}- ACd

Wing~Drag Coefficients

Wing-drag coefficient without tip effecta.- If the aspect ratio

] gmmﬁ, the wing-drag coefficlent wlthout

ig equal to or less than
the tip effect is

2 [ 2 - ;
Cp =§(E) m e <3A' ooshlf_._.‘l'._aﬂi
[T ) S N+ LE ,3 ! A'm?

- 6A" cosh™t -34; - \/A'E(l - m'e) + mt(at + n?)
m

A ———r— g ’ 2
* EA'\]J' ) m'2)+ = ent3 cosn™ éi(l o ) + 2

[R————

31 - m 2 1

+ (2111'3 + 3!\.’111'2 - A'3) cosh ™t A’(l u mia) e
2nl(A' + n')

-

2
¥ (2A'3 - 6A’m’2) cosn™t LAm' J
h’

vhere A' = A and m' = mp
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If the aspect ratio is greater than I—E-E-n';é-, the wing-drag

coefficlent without tip effect Iis,

2 IE - 1 Dy § - | S t
CD =§(E)m A ! coshlé_._i._‘?e_.pcoshl.A___.%&_
% \c 1&1,3 A'm? A'm!

- 6A' cosh™t ;l]f_' -\IA'E(J. - m'E) + km'(At + m?)

-\]A’E(l - m‘a) + l&mi(m' - A') 4 247\ -m'2]

$ - 12 .rt
+ L 2m'3coshlA(l m)+dm

3m'3\}1 -mt2 ?m'e o

-1 Al(l - mre) - 2m!
om 2

cosh

il n®) t o

(34@'3\11’2 - om3 - A'3) cosh

+
: em'(At - m')
: . . o\
+ (33’!(1'2 + gmt3 - A13) cosh-l A'(l +m' ) + Zm'
. . er(At + ml)
3 2 -11 + m‘2
+ (EA' - 6A'm! ) cosh = S———

aal

Increment in wing-drag ocefficlient caused By wing tips.~ If

the aspect ratlq of the wing is equal to er greater than 1/B, the
contribubtlon of the wing tips to the wing-drag ceefficlent is zeroc.
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If the aapect ratiec of the wing is equal to or greater than m:m T
o+

the total increment in Cp caused by the local tip, ex L\CDI, is

zero; and the increment £&Cry  1s obtained solely from the effect of
the tip located on the opposite half of the wing, or ACDII. For
this case, integration of equation (B5) over the wing ylelds:

b4

2 ’ -
My = 8 (E) n E_______,_I}A' 2m'Y (AT + m')2 cosh ™+ mAl 43
m'3\!l - m'2 A+ m?

lAc - mul

+ 311“3[6131‘2 A'2(2 + m' )] cosh l 3m“’ A'c}

If the agpect ratio of the wing is less than mﬂﬁm T the
4o
Increment ACy 1s affected by both wing tips. For this case,

integration of equations (B3) and (B5) ylelds:

=—(t)2 !E Em')(A' +m’)2 cosh™l BAL + 1
3m'3J.l - m12 A' + m!

-1 em*-A'(l-m'a)

+ (A + 2m")(A' - m')? cop ™t L mA n'A'J

+ (At + 2m')(A' - m')? cosh l.!.}*_.'._l_n_.f:.;- 2m'3 cosh
A" »n!

(anf3 - 3mu— ' A!3) cosh -1 2m! - A'(l + m,{-):|
{2m*(m’ - A"}

om '@

+ i—ig [6m’2_A'2(2+m_'2>] cesh 12—__,,_..[1;111'(111' ~A! )+A'?(l s )

l3 - [ - f et
P A cean BRI ZAT A "fl-A'g
3 m*Al 3m' o

hm?
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Total wing-drag coefficlent.- The total wing drag is obtalned
as the sum,

where the components GD@ and ACp ere oalculated from ths fore-

going equations for the wing-drag coefficlont appropriate to ‘the
aspect ratio of the wing. . .

Wing-drag coefficient for special casa n = -]:.— When the Mach

S (OO

line colncides with the wing lesding edie (m = % s ‘the wing-drag

coefficlent obtained for all aspect ratios as a limiting case (m'—j 1)
is squal to the real part of the following expressior:

=] 13 - t - -Al . -
GDr-g(-—z-) n é—. (cosh 15..;1’.2_+cosh 12-4 ) +A’(2-A'2) cosh li—’-

\’-I- \ A AT

-l:-;-'-{[3A'2+2A'(1~3\[ﬁ.)-é]qm;(8-1:2A‘—3A'2) ats1 :

Wing-Drag Coofficients at Mach Number of 1.0
The drag coefflcient for the wing at M = 1.0 may be expressed
in terms of the following furmulas whlch were obbalned by integrating
over the wing the limiting values for cy in equations (Bl), (BE3),

and (B5) as the factor B = \}ME - 1 approaches zero:
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(1) If the aspect ratio of the wing is equal to or greater
than 2m :

2 . .
Cbz%(-z-)e %g m[(~K3 + 6K + 1!-) log, (K+2? - 3K3 log, 2K
0

+ (4K3 - 6K - 2) log, (K + 1) + Kz(K -. 2).] dx

~ Nh/m '
+J m[(-K.3+6K-1+) log, (K-2)--<K3-6K-1&) loge(K.'+2)

+<hz3 -.6K)loge(K2-1)4:2loge§:;:~6813 log, K| 4K

B '
+ { "('Y - h)3 + 3(h - ¥) - 2} [1086 2(y - h + am)]
Jn-em (L 203 .

. [(y + h)3 . 3:9’(3’2 - he) . 3(h + 3’)] [.loge n(y + h)]

om3 m3 n
43
- <;§_. - EZ - > [1036 2oy + m)]
+ LBy o 3n - Zm)(y - B+ 2w b oy (86)
lm3 C

where X =2
m



NACA TN No. 1319 33

In squation (B6), the Tirst two integrals represent the drag
coefficient for the wing without the tip effect; vhereas, the last
integral represents the effect of the tips A’JDE. For this cass,

in which the aspect ratio is equal to or grester than 2m, the tip
effect ACDI is zero; hence the integral for the section increments

in ¢y 1is not given in equation (B6). Eguation {(B&) has been

solved for a sweepback angle of 45° and the results for this sweep
angle may be converted to other wings of arbitrary sweepback by the
formulas (13) to (15). For the wing of 45° sweepback, m = 1

and’ A 22, equation (B6) ylelds the following result:

2 2 ' '
CD = -5; E) t(-A3 + 128 + _16) log, (A + 2)

c
+ (-A3 + 124 - 16) log, (A -2) 4+ QA(AQ - 12) log, A - kA} (B7)

(2) If the aspect ratio of the wing is smaller than 2m, the
upper limit of the First integral in equation (B(G) ie reduced from 2
to h/m, +the second inbegral vanishes, and the lower limit for the
third integral is reduced from h - 2m +to zerc. For this case,
however, in which the aspect ratio is less than 2m, ACDI is not

Zero, and the following integral must be added to those in equa~
tion (B6) to obtain Cpt

0 .
8 74V Jao 37 E(ya*zm)
- QE | :m‘s"';) S
+ 2 log - mj — ya(am - 3:raz(:ra + 2111) 4y (88)
a g
where
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Tor the wing of U5° sweepback, m= 1, and A <2, equations (B6)
and (B8) yield the same result for C‘D as that ob'bained. Por values

of A greater than 2, ag expressed by equation (IB’T) In this case,
the real part of loge(A - 2) 13 used.
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